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Spin structures, spinors and the Dirac operator:
real versuscomplex manifolds

L. D~~BROWSKJA~DM. RINALDI (*)
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Abstract. We describetherelation betweenspth-structures,spinorsand the Dirac
operaloron a (real) manifoldand theanaJogou~definitionsin complexho]omorphic
term ThismaybeusefulIorphysicisi interestedin thealgebraicgeometricapproach

to superstrings.

(1. On a real manifold M. with a metric, thereis a well known way to introduce

spinor uields. as sectionsof a bundle associatedto the spin bundle. This requiresthe

definition of a spin strucaire(M is a spin-manifold)whichcanbe donein a number

of (equivalent)ways [cf. I]. The Dirac operatoracting on spinors is then of utmost
importancefor severalareasof mathematicsandphysics.

In algebraicgeometry,analogousobjectshavebeendefinedfor a long time too. On

a complexmanifold we speakaboutholomorphicsquareroots of the canonicalbundle,
sectionsof this line bundle.Dolbeaultoperator.etc..

To the bestof the authors’ knowledgethe preciserelation betrweenthesetwo lan-

guages,real and complex.hasnot beendescribedin the literature in full detail. The

relevantoriginal referencesarc [2-5]. see also [6], [7] and [8];somematerial is either

known to the expertsor belongsto the folklore. This note aims to presentin a more

systematicandcompleteway somefactsand resultson this topic, whichmay be of in-

terestto physicistsworking in theareaof supcrstringtheory. it doesnot containanynew

results.
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1. We assume that thO Clifford algebra Clif(R~), the group Spin(n) and the

double covering p Spin(n) —.~ SO(n~arc defined in the usual way, cf. for in-

stance [71.The complexified algebra Clif(W~) 0 = Clif( ),n =
2rn is a

left Spin(n~-module; it decomposesinto 2 m simultaneouseigenspaceswith respect

to the right multiplication by ci~= ie,e,÷m,I = I rn where e~, j = I n
is the canonical orthonormal basis of W1. (Notice that cx~= 1, ~, c~~]= 0 and

the right multiplication obviously commuteswith the left multiplication by elementsof

Spin ( n]l). Theseeigenspacesprovide equivalent representationsof Spin ( n). Choose

one of them, A, say the one corresponding to simultaneouseigcnvalue — I for each

If furthermore decomposesas A A + ~ A -, according to thecigenvalues+ I or

T = ime

1 . . . e1~acting from the left, where A ± are now complex irreducible represen-

tationsof Spin(n). Note that since VT —TV (v ~ ff’~) the Clifford multiplication

by elementsof ~ ~ mapsA ~ to A - andviceversa.

In the sequel we shall needthe group

Spinc(n) (Spin(n) x U(l))/Z2,

and the double covering

Spinc(n) —i SO(n) x U( I)

[g,k] ~(p(g),~
2),

where Z
2 = {( 1,1), (—1, _l)} and the square bracket denotesthe Z2-equivalencc

classes. It will prove useful that the homomorphism h : U(m) —~ SO(2m) x

U( I), u —‘ (j(u),det u) lifts to Spin~(2rn),i.e. thereexistsa homomorphism
U(rn) —* Spinc(

2m) such that P~o h = h (this is nol the casefor the natural

imbedding j : U(m) —~ SO(2rn)). If we write g E U(m) in its diagonalform

(1) g = diag(e~°’,.. .

(with respectto the basis of (Em suchthat e
1 = ë~,C)+m = for j = I ,.. . , rn)

then h is defined by

(2) ~i(g) [~m (cos~ + sin ~-e]ef+m, JJ~,e~]

The representationsA±extendto representationsA~of Spinc(n) in a naturalway.

We introducethe standardnotation A°~= ~ ~ A° = ~k odd’~H

= A~(AtO) ® A~(A°l), A ~ = span0{/31} and A°’
t = spanc{~,},where

~je,+iej+m,~jejie,+m forl=l rn.Let~=~
1...~~.Themap

(3) . . . A ... A ~
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for k = 0,.. . , m givesacanonicalisomorphismbetween and AO,± Among the

2 m linearly independentelements . . . /3~’y,thosewith k even(resp. odd)form a
basisof A + (resp. A ) sinceon themright multiplication by ~, has for eachJ the
eigenvalue—l andleft multiplicationby T hastheeigenvalue(_l)’~.

The naturalrepresentationof U ( m) on A°~ underthe isomorphism(3) is equiv-

alentto therestrictionof the representationA~to U(m). Namely, if we usethedi-
agonalform (I)of g E U(m); then h(g)/31 . . .~‘y = e~

0”.. ~ which
correspondsto the naturalrepresentationof U( m) on A°~ Moreover,onecancheck

that the isomorphism(3) intertwinesthe Clifford productin andthemultiplication
c : (J2’~® A°’~—~ A°T, given by the formula (v,X) —, *(v°’ AX + v1’0 LX).
Here vt’0 and v°’t are respectivelythe A 1,0 and A°” partsof v and theexterior

and interior multiplicationsaredefinedas follows:

ekA( e A.. .Ae ) ~ ~— l)~’e
1 A .. . A e~ A ek A e~A ... A e~ if i3_1 <k < i8

~‘ I. 0 otherwise

ekL(e A...Ae ) = ~(—l)~’e~ A...Aê1A...Ae~ ifi8= k
~r ~0 otherwise

(thehatdenotesomission).

2. If wehaveaspin-structureSpin9(M) ona realmanifold M, withametric g, we

canconstructtheassociatedbundles:TM := Spin9Mx~W~,S±:= Spin9Mx~±A±.
The Clifford multiplicationby elementsof R’~ inducesamap

(4) o’:C°°(S~®TM)—~C~(S).

Thenthefollowing chaindefinesthe (chiral partof the)Dime operator~Z)cro V

(5) C°°(S~)~C0~(S+ ® T~M) C’°(S~®TM) -~~C°°S,

whereV isthecovariantderivative(typically it comesfrom theLevi-Civitaconnection)
andthe tangentandcotangentbundlesareidentified via g.

Let now M be a complexmanifold with a hermitianmetric. In local coordinates
(z1,. .., z,,~),z3 = + = 1,...,rn wedenoteT’M = spanc{~-},T”M=

spanc{~’},A
1’°(M) = spanc{dz,} and A°”(M) = spanc{d~~}.Moreover,let

A~’~(M)—+ A~’~’~’(M),(Ô2= 0) and 8 : AP~(M) —~Al~+I~(M),(~2= 0)
be thestandarddecompositionof theexteriorderivatived = 8+ 8, whereAP~(M)=
AP(A “°(M)) ®

We havethefollowing obvious
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THEOREM 1. A complcx.manifoldM admiLsa canonical SpiflC -structure obtained

by lifting to Spin~(n) via eq. (2.) the U ( m) -valued transitionfunctionsp,~ofthe

bundleofhermitianframeson M o

If we havea covariant(hcrrnitian)derivative,then using the Clifford multiplication
by vectorswe can define a Dirac operator ‘Z~C in analogyto (5). This operatorcanbe

thoughtof as a Dirac operatorfor spinorscoupledto the U( 1)-bundle associatedto
det : U(m) — U( I) (seeeq. (2)). It is possibleto identify the bundleof suchspinors

with A O±(M), by using the isornorphism(3) of the two representationsA O~+ and

C
Moreover the symbol of (8 + 8’), where 3’ is the formal adjoint of 3, exactly

coincidedunder(3) with thesymbolof ~ Hence3±3 candiffer from J/l~,only by

a 0-orderterm.From the factthat on a Kählcr manifoldthereexistsacoordinatesystem

in which the first derivativesof the metric arczero at any fixed point follows that there

doesnotexistsany natural0-orderoperatorandhence:

THEOREM 2. On a Kdhlcrmanifold

+ =

D

3. Whendoesacomplexmanifoldadmita usua/spin-structurc? To answer this ques-

tion observethat therearepreciselytwo elements:

(6) ±~(g)(dctg)~

in Spin(n~C Spin0(n), which project to g E U(m). Choosingone of them iS

equivalentto choosingthe sign of +(det g)~. We can lift the transition functions

in U(m), to Spin(n) (preservingthe cocycle condition)if andonly if we can

choose consistently the square root of dct( ~ This, in turn, meansthat thereexists

a square root L, L ® L = K, of the canonicalline bundle K = A ~0( A4’) (whose

transition functions, arc det (~]~)). Moreover,there is a short exact sequence

(7) ~

where 0’ is thesheafof germsof holomorphicfunctions,whichleadsto thelong exact

sequence

J1
0( MO’) = H~M,7

2) ~~R
1(M,0’) ~

(8)

H1(M,O~)~fl2(M,~
9
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The image of a holomorphic line bundle L E H’(M, O~) under ~ isjust its second

Stiefel-Whitneyclass. Next, since ‘y is the squaremap, M is a spin-manifoldif and
only if K hasa squareroot which is holomorphic.If M is compact,the first arrow of

(8)mapsto oneand cw is injective.Thusdifferentspin-structurescorrespondto different

holomorphicsquare roots of K. Thepreviousargumentsshowthefollowing

THEOREM3. A complexmanifold M is a spin-manifoldif andonlyif the canonical

bundle K hasa holomorphicsquareroot. Moreover,if M is compacttheinequivalent

spin-structuresarein a one-to-onecoirespondencewith theholomorph.icsquarerootsof
K. C’

Next,usingthe isomorphim(3), wecanidentify Ji(u)(detu)—+ with theoperator

A°~u®(det u) 3~ actingon A°~. Consequently the bundle of chiral spinors becomes
A°’~(M)® L, where L ® L = K. Let us denote aL the trivial extensionof ~ on
A°‘~ to A°‘~ ® L by 1

9L( ~ ® a) = ThI’ ® s, where a is aholomorphicsectionof L.

Wehave:

THEOREM4. On a Kählermanifold

= +

Proof wehave

= croV(~los)=(aoV~l)®s+ a(~®Vs) =

= (~9+8’)~®.~=(8,~,+8)(~®s).

Herein thethird equalityweusetheorem2 andthe factthat thereis no (0, 1)partin Vs

(theconnectionismetricpreserving).ThustheClifford multiplication giveszero.In the
lastequalityweusethe factthat a is holomorphicand8’s = 0. ci

4. Wenow want to see in the case of I complex dimension the special features of

whathasbeenpreviouslydiscussed.In 2 realdimensionscompactmanifolds ~ without
boundaryare classified according to an integer g, the genus of the manifold. Moreover

thereis a one-to-onecorrespondencebetweencomplexstructuresand conformalstruc-
tures.In factgivenaconformalclassof Riemannianmetricson E, thereis a sufficiently

fine opencover U~of ~ with coordinates(Za, y,,) suchthateachmetric C in this

classhas the form C = e~(dz~®dz~+ dy,~ Ødy~,) = eW(dz~® d~) for some
real-valuedfunction çü on Ut,, where z~= + iy~. The requirement that the metric

is well definedon the overlapsimplies that we haveholomorphic(or antiholomorphic)
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transitionfunction. Moreoverwe canidentify, via themetric,holomorphicandantiholo-
morphic tensor fields.

Since dim Hi (~, Z~)= 22g we have 229 spin-structures on ~, knownas theta

characteristics.Now, it is easyto seethat thebundleof positivechirality spinors A°°

(~)0 L = A°’~(~)® L get identified with L and the bundle A°’1(~)® L =

A O._( ~) 0 L of negativechirality spinorswith L~, viathe identification d 5 ® v’~

(c (~, ~)) J~= G’~~ inducedbythemetric.Here L, asbcfore,is

an arbitsarybut fixed squareroot of A 1O(~) and L~ is the bundledual to L (with

inversetransition functions). The family of line-bundlesforms andabeliangroupwith

respectto the tensorproduct. Denote ~m ®“~L, ~ = I , ~ r’~ = ®~iL~ for

m >0, and F(7-”~) thespaceof sectionof 7”. Theoperator~ = 3+0’ becomesjust

8 on L and 8’ on L ~. Hence 3 and 0’ arethechiral partsof the Dirac operatorin

I complexdimension.As an operatorfrom F( T) to F ( T 1) ~ actsas 0 times C~.
It extendstrivially to give a family of operators~ : F(T”~2)—~ F) T’~). Theformal

adjoint will be ~ : F ( r~) .. F( T’~2 ), ~ -~ —( G~) --n/2 3( Cz~(fiR v)). From the

Riemann-Rochtheoremwe obtainthat theindexof this operatoris (n+ 1 )( g — I) This

theoremis a prototypeof more generalindextheorems161.
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